Abstract-The large amplitude steady state forced motion of a simply supported beam with ends restrained to remain a fixed distance apart is represented by a series of linear normal modes. The validity of the assumption of single mode response is examined by investigating the stability of the unforced modes when a single mode is forced. The equations include the effects of an initial axial load and numerical examples are presented for axial loads in both the pre-and post-buckling regions. It is concluded that the approximation of single mode response is not always valid because of the possible instability of higher modes.
The solution of this equation has been examined by several investigators by expanding the deflection w in a series of linear normal modes of vibration of the beam to obtain a set of ordinary differential equations which describe the motion. An extensive bibliography is given by Eisley [3] . Several papers report on various aspects of single mods response. Among them are papers by Burgreen [l], Mettler [4] , and Eisley [IS] . An investigation of the infinite degree of freedom free motion of a simply supported beam is reported by McDonald [2] .
In the following paragraphs the validity of the assumption of a single mode response is examined by forcing one mode and determining the stability of the other modes. The equations include the effects of an initial axial load and numerical examples are presented for a range of axial loads in both the pre-buckling and post-buckling regions.
This investigation was aided by the work of Henry and Tobias [6] , and Gilchrist [7] , Williams and Tobias [S] , and Efstathiades and Williams [9] on problems of related interest.
METHOD OF SOLt~TION
For a simply supported beam let [2] who considered only free motion with no initial axial load, efforts to obtain a solution for the steady state motion have been limited to single mode response. The stability of a single mode response is now examined.
STABILITY OF SINGLE MODE RESPONSE
Consider the special case of harmonic forcing applied to just one of Eq. (5) or
A possible approximate solution is
The resulting amplitude frequency relation is The stability properties of this equation are well known [lo, 111 , and are usually presented in terms of 6 and t in graphical form as shown in Fig. l(a) . A stability analysis similar to the one considered here is reported by Henry and Tobias [6] . In the figure the shaded regions are stable. For a given beam the stability boundaries may be found in terms of amplitude and frequency and superposed as a response curve plot. The single term harmonic balance method assumes that the effect of higher order harmonics is negligible. Analog computer results indicate that for the range of values considered the response did not contain any higher harmonics. The Mathieu equation may also be solved using a single term harmonic balance method. If this is done the boundaries are straight lines as shown in Fig. l(b) . Note that only the first instability region shown in Fig. l(a) is retained by the approximate solution shown in Figure l(b) . Analog computer solutions show, however, that the higher order instabilities, ruled out by the approximate solution do, in fact, exist. This leads to the conclusion that the approximate solution of the Mathieu equation is not sufficient. The analog computer solutions suggest that the full boundaries shown in Fig. l(a) are more accurate statements of the stability regions. Some of these results are shown in the figures which follow.
The approximate stability boundaries for the first region of instability are quite close to the exact boundaries, closer than the analog computer solutions were able to distinguish stability boundaries. The approximate boundaries for the first mode coincide with the free vibration response line, and there are physical arguments to support that this should be so, In the figures which follow the approximate boundaries are used for the first region and the exact values for all other regions. This is justified by the analog computer solutions which show that the approximate boundaries for the higher order regions are inadequate. The stability properties for the case n = j = 1 are shown in Fig. 2 for a beam with a = 04305 and A= 0. The shaded lines are stability boundaries with the shading on the stable side. Thus regions B, D, F are stable and C, E are unstable. Those bounda~es which originate at To/T -c 1.0 correspond to ultraharmonics, where the response frequency is some integer multiple of the forcing frequency [ll] . The boundary which originates at To/T = 1.0 is that for the familiar jump instability. The case n = 2,j = 1 is shown in Fig 3. This is an instability of the second mode which is initially at rest. The stable areas are indicated by shading between the lines. Analog computer solutions are shown. Note that the second mode instability which occurs in region E would not be predicted by the approximate solution to the Mathieu equation because that region reduces to a single line. Typical analog computer traces are shown in Fig. 6 .
ANALOG RESULTS

UNSTABLE
FIG. 3. Stability regions for the second mode with the first mode forced. I = 0.
The complete stability diagram is given in Fig. 4(a) . For clarity only one of the ultraharmonic regions and only two of the second mode instability regions are shown. Note that there are areas in which the first mode alone is stable, but the addition of a second mode indicates an instability. In these cases the assumption of a single mode response is no longer valid. Combined stability diagrams for other values of 1 are given in Figs. 4(b) , and (4~).
Similar results are shown in Figs. S(aHc) for second mode excitation with all other modes initially at rest. In Fig. 5(a) the shaded lines define the boundaries of stability of the second mode response and the other lines show stability boundaries for the first mode initially at rest. In the shaded regions the second mode response is stable but the first mode is not stable at rest. In Fig. 5(b) second and third mode stability boundaries are shown for the same response curve as in Fig. 5(a) . Other values of J are shown in Figs. 5(c) and (d). Since for second mode response it is the third mode which is most likely to be coupled only stability boundaries for the second and third modes are shown in Figs. 5(c), and (d) .
No further numerical results will be shown for single mode response. The pattern that has developed is that if one mode is excited the next higher mode at rest may also be excited under the right circumstances. There are also narrow regions in which lower modes and higher modes may be excited. It may be argued that a small amount of damping will eliminate the instability of these additional modes. Curves are shown in Fig. (1) to illustrate that a small amount of damping significantly increases the stable portions on the Mathieu stability chart. These curves correspond to c = 0.2 when the Mathieu equation is modified as follows Y., zz + 2%, I + (6, + E" cos z) yn = 0 and the portion below these curves are the stable regions. It should be noted that in the dashed portions of the response curves to the left of the last Shown stability boundary there are additional narrow regions of instability. A very small amount of damping eliminates these instabilities also.
It should also be noted that the solution, equation (8) 
ANALOG COMPUTER STUDIES
The equations which led to the response curves presented in Fig. 4 (a) were also solved on an analog computer in order to confirm the regions of second mode instability and to examine the nature of the actual response when the second mode is unstable. These studies confirm that second mode instability does exist. They also confirm that a small amount of damping does eliminate instability where the instability regions are narrow.
Points which lie in the main region of second mode instability, such as represented by points a, b, and c in Fig. 4(a) identify cases with interesting properties. In Figs. 6(a)-(c) are shown the analog traces for both first and second mode response for initial conditions and applied forcing functions which correspond to points a, b, and c in Fig 3, respectively. In Fig 6(a) we examine the free motion when an initial displacement is given to the first mode but the second mode is at rest. Note the interchange of energy from the first mode to the second and the subsequent growth of the second mode response.
In Fig. 6 (b) we examine the case where the second mode is initially at rest but the first mode is subjected to steady state harmonic forcing. If the second mode were not present the first mode would have a stable steady state response. Once again we have a second mode response and evidence of energy exchange between modes.
In Fig 6( FIG A(C) . Response corresponding to point c in Fig. 3 .
